Introduction {#Sec1}
============

Mathematical operators known as integral transforms produce a new function *g*(*y*) by integrating the product of an existing function *f*(*x*) and an integral kernel function *K*(*x*, *y*) between suitable limits. The Fourier and Laplace transforms belong among the most popular integral transforms and are applied for real or complex-valued functions. The importance of the integral transforms is mainly in solving (partial) differential equations, algebraic equations, signal and image processing, spectral analysis of stochastic processes (see, e.g., \[[@CR2], [@CR21], [@CR23]\]).

In fuzzy set theory we often deal with functions whose function values belong to an appropriate algebra of truth values as a residuated lattice and its special variants as the BL-algebra, MV-algebra, IMTL-algebra (see, e.g. \[[@CR1], [@CR5], [@CR18]\]). In \[[@CR20]\], Perfilieva introduced lattice-valued upper and lower fuzzy transforms that are, among others, used for an approximation of functions. A deeper investigation of fuzzy transforms properties can be found in \[[@CR13]--[@CR17], [@CR19], [@CR22]\]. In a recent article \[[@CR9]\], we demonstrated that the lower and upper fuzzy transforms can be introduced as two type of integral transforms, where the multiplication based fuzzy integral is applied \[[@CR3], [@CR4]\]. Namely, for a fuzzy measure space $\documentclass[12pt]{minimal}
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                \begin{document}$$\{K(\cdot ,y)\mid y\in Y\}$$\end{document}$ has to form a fuzzy partition of *X* (see \[[@CR20]\]).

The aim of this article is to introduce further integral transforms for residuated lattice-valued functions and analyze their basic properties for which we consider the residuum based fuzzy integrals that were proposed by Dvořák and Holčapek in \[[@CR4]\] and Dubois, Prade and Rico in \[[@CR3]\]. Together with the integral transform with the multiplication based fuzzy integral introduced in \[[@CR9]\] we get a class of nonstandard integral transforms for the residuated lattice-valued functions based on fuzzy (or also qualitative) integrals that are often used in data processing. Note that the fuzzy integrals aggregate data and, in this way, provide summary information that is not directly visible from data. Obviously, the proposed integral transforms also provide an aggregation of function values, mainly, if the set *Y* has a significantly smaller size than the set *X*. This can be used, for example, in hierarchical decision making, classification problem or signal and image processing, where kernels can express relationships between different levels of criteria, object attributes and classes or introduce windows for some kind of filtering, respectively.

The article is structured as follows. In the next section, we recall the definition of complete residuated lattices and the basic concepts of fuzzy set theory and the theory of fuzzy measure spaces. The third section introduces two types of the residuum based fuzzy integrals and shows their basic properties. The integral transforms for residuated lattice-valued functions are established in the fourth section. We present their elementary properties and demonstrate the linearity property under the restriction to comonotonic functions. The last section is a conclusion.

Because of the space limitation almost all proofs are omitted in this article.

Preliminary {#Sec2}
===========

Truth Value Structures {#Sec3}
----------------------

We assume that the structure of truth values is a *complete residuated lattice*, i.e., an algebra $\documentclass[12pt]{minimal}
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### Theorem 1 {#FPar1}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{b_i\mid i \in I\}$$\end{document}$ be a non-empty set of elements from *L*, and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\in L$$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \otimes (\bigvee _{i\in I} b_i) = \bigvee _{i \in I} ( a \otimes b_i)$$\end{document}$,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \rightarrow \bigwedge _{i \in I} b_i = \bigwedge _{i \in I} ( a \rightarrow b_i)$$\end{document}$,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$( \bigvee _{i \in I} b_i) \rightarrow a = \bigwedge _{i \in I} ( b_i \rightarrow a)$$\end{document}$,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \otimes \bigwedge _{i \in I} b_ i \le \bigwedge _{i \in I} ( a \otimes b_i)$$\end{document}$,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigvee _{i \in I} ( a \rightarrow b_i ) \le a \rightarrow \bigvee _{i \in I } b_i$$\end{document}$,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigvee _{i \in I} ( b_i \rightarrow a ) \le \bigwedge _{i \in I}b_i \rightarrow a$$\end{document}$.

If *L* is a complete MV-algebra the above inequalities may be replaced by equalities.

For more information about residuated lattices, we refer to \[[@CR1], [@CR18]\]. In what follows, we present two examples of linearly ordered lattice.

### Example 1 {#FPar2}
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Fuzzy Sets {#Sec4}
----------
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Fuzzy Measure Spaces {#Sec5}
--------------------

*Measurable spaces and functions.* Let us consider algebras of sets as follows.

### Definition 1 {#FPar4}
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### Definition 2 {#FPar5}
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### Proof {#FPar8}
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### Theorem 5 {#FPar11}
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### Definition 4 {#FPar12}
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### Example 3 {#FPar13}
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Residuum Based Fuzzy Integrals {#Sec6}
==============================

In the following part, we introduce two types of fuzzy (qualitative) integrals based on the operation of residuum. The first type of this fuzzy integral was proposed by Dvořák and Holčapek in \[[@CR4]\] for fuzzy quantifiers modelling, the second type was proposed by Dubois, Prade and Rico in \[[@CR3]\], known also under the name *desintegral*, for the reasoning with a decreasing evaluation scale. A comparison of both fuzzy integrals can be found in \[[@CR10]\].
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                \begin{document}$$\rightarrow _{{\tiny \mathrm{DH}}}$$\end{document}$--Fuzzy Integral {#Sec7}
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The integrated functions are fuzzy sets on *X*. We consider a modified version of the original definition of the residuum based fuzzy integral presented in \[[@CR4]\].
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Note that a dual formula to ([8](#Equ8){ref-type=""}), where the infimum is replaced by the supremum and vice versa, is not true in general even if we restrict ourselves to linearly ordered Heyting algebra (cf. Theorem 3.4 in \[[@CR9]\] for the multiplication based fuzzy integral).
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The integrated functions are again fuzzy sets on *X*.
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Integral Transforms for Lattice-Valued Functions {#Sec9}
================================================

In this section, we propose four types of integral transforms for functions whose function values are evaluated in a complete residuated lattice. For their definitions, we use the residuum based fuzzy integral introduced in Sect. [3](#Sec6){ref-type="sec"}. The integral transforms transform fuzzy sets from $\documentclass[12pt]{minimal}
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In this part, we propose two types of integral transform based on $\documentclass[12pt]{minimal}
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Moreover, if *L* is a complete MV-algebra, the equality in (iv) holds.

### Proof {#FPar27}
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Let us continue with another type of $\documentclass[12pt]{minimal}
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### Theorem 13 {#FPar29}
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One could see that, although, the $\documentclass[12pt]{minimal}
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Moreover, if *L* is a complete MV-algebra, the equality in (v) holds.
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### Theorem 17 {#FPar37}
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Conclusion {#Sec12}
==========

In this article, we introduced four types of integral transforms, where we used the residuum based fuzzy (qualitative) integrals, namely, the $\documentclass[12pt]{minimal}
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                \begin{document}$$\rightarrow _{{\tiny \mathrm{DPR}}}$$\end{document}$--fuzzy integral proposed by Dubois, Prade and Rico in \[[@CR3]\]. We presented some of the basic properties of the residuum based fuzzy integrals including a linearity property for the comonotonic functions which holds in the linearly ordered complete residuated lattices. Using these properties we provided an initial analysis of elementary properties of proposed integral transforms. The further development of the theory of integral transforms for residuated lattice-valued functions is a subject of our future research, where, among others, we want to focus on the seeking of inverse integral kernels to be able to approximate the original functions from the transformed functions. Our motivation comes from the relationship between the lower and upper fuzzy transforms and their related inverse fuzzy transforms.

Note that we use here the denotation of the integral transforms employed in this article which is slightly different from \[[@CR9]\].
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A Heyting algebra is a residuated lattice with $\documentclass[12pt]{minimal}
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In \[[@CR8]\], a type of topological spaces derived from upsets in *L* was proposed.
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